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INPUT-OUTPUT STABILITY ANALYSIS WITH MAGNETIC
HYSTERESIS NON-LINEARITY - A CLASS OF MULTIPLIERS

M. Q. Safonov" end K. Karirmlou*

Department of Electrical Engineering -Systems
University of Southern California

Los Angeles. CA 90089-0781

Abstract kasrnen.c Hysteresis

A class of positive real multipliers is " V,
obtained to establish frequency domain conditions
for stability of feedback systems containing
ferromagnetic hysteresis non-linearity.

I. Introduction YZ
Linear

Popov Criterion [1] and its extensions, such (a)
as derivation of more general classes of
multipliers [2], [3], consider non-linear elements -" '-
that are memoryless and pass through the origin,
I. e.. *(0) = 0. An important class of non-
linearities, ferromagnetic hysteresis, is
neither non-dynamic nor passes through the
origin. Therefore, to analyze the stability of
systems containing this type of non-linearity,
appropriate modificktions to Popov's approach
should be made.

Published material to address this problem (b) Terromaiet,¢ Hysteresis Loop.
is scarce. Authors in (4] obtained multipliers of Fi. I
the form l-qjL. q > 0 for finite gain LZ-stability

of magnetic hysteresis feedback systems. This domain conditions on the linear element H for
paper generalizes the results of [4]. The only finite gain L 2 -stabiity of the feedback system.
other work known to us that addresses the
problem of stability of magnetic hysteresis U. Hysteresis Modeling
systems is by Lecoq and Hopkin [5]. where by
letting the derivative of their input signals to The model for ferromagnetic hysteresis of
belong to maponentially weighted L 2 -spaces. they Chus and trosmoe [11] is given by

obtained similar multipliers, I+qjw, for bounded ix go~x(t) - fo(y(t)] (2. 1)
input-bounded output stability of h teresis dt
systems. For stability of systems with other where x(t) and y(t} are real-valued, continuousStypes of hysteresis non-linearity, such aswhr t)ady)aeralvudcnios
backlash and relay, see Yakubovich a6, Hsu input and output signals of the hysteresis non-
b hand elay. Kodmsend YSkuhorlcw (6], Hsu linearity representing the current i(t) and the
and Myeyr (7]. Kodama and Shirakawa [8]. flux linkage c(t) of an inductor (transformer);
Maeda, iceda, and Kodama (91,.[101. and g and f are strictly monotonically

In the present paper we obtain a general increasing, differentiable, onto functions
class of positive real multipliers for the enjoying the important property of
stability analysis of feedback systems of the
type shown in Fig. (I&), where N is a ferro- g(0) i f(O) 2 0
magnetic hysteresis non-linearity and H is a
linear element. The analysis is done by substi- Equation (2. 1) models the behavior of
tution of the model for the hysteresis by Chua ferromagnetic hysteresis successfully and with
and Stromsmoe [I1. Then the concepts of posi- very good accuracy. It predicts the expansion
ttvity aid passivity are utilized to deriv e frequency of the area of the hysteresis loop with

increasing frequency and predicts minor
hysteresis loops such so commonly occur
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After plotting the hysteresis loop for a L 2 -stable.
convenient signal, simple procedures are given a
in [11] to determine g and f for that loop. When Proof: See for example 12].
non-linear functions g and f are determined, they Definition (3.4) [12]: Let H: L2 - L2 . Then
can be substituted in the model of equation (2. 1)
to predict, with good accuracy, the hysteresis H is posItive Iff

shape and/or its output for any arbitrary input.
For further detail and examples see[Ill]. <Mx. > > 0 V zEL

Ill. Mathematical Preliminaries Note that unlike passivity, which is defined

on Lze. positivity is defined on L 2 .

Definition (3. 1) [12]; Let H: L 2 e- LZe.

Then H is passive iff there exists some constant Hysteresis .
SEPR such that I

III

Hx ~T Ze 3 1xL

V TE.7
_ _ U

Definition (3. 2) [12]: Let H: L- L

Then H is stricly passive iff there exists 6 > 0
and some constntE such that

< H. x>6r..I+ VxEL 2  Z

VFig.Z

Definition (3.3) (13]: The feedback system
of Fig. (Ia) is said to be finite gain L -stable if

a) e1 .ae2 .yly2 EL 2 V ul. UZEL 2  Table I
"osatioo.

b) There exists constants p1 and p2 such that Symbl Meaning
I ellI. 11 ly Iy I I_ 1 11u l !+p2 1'u.2II a. I rtild of real and positive teal sumbers.

L U. EL. The spaes of signals much that lx(t)Ida

1i2 L. T space of boulded signals.
In the following well-known theorem, the L2, Therablce ofneery bsga edwhich treqre

concept of passivity is used to establish finite CO.TJ ]14).
LZ The Hilbert #pace of signals whicht are

gain Lz-stability of the feedback system shown squre integrable oan (.&.)with iner

in Fig. (la). where N and H are considered to predut < A. I.

be operators in the general sense. an.y I- T I'(t) dt

Theorem (3. 1): Consider the feedback 0
0

system shown in F ig. (Is) *~yT  I Tet d)

llsT -- ""T

Su! - He 2  I T  Truncated a (S].

S got Of instance$ Of time Of intRLeot.
e 2 a Uz + Ne A Convoluthon Algebra (321.

I. t. 3a10 part of 0 complea quantity.

where H.N: L 2 e- L2e. Assume that for any

u],u 2 E L2 there are solutions e,. e 2 EL 2 0.

Suppose that there are real constants v, 6, and
g such that

Next, a positivity result for a cascade

IIHXIIT . v x! (3.1 combination of a linear and a non-linear

<H,: >T a 6 2 (3.2) operator is presented.

T  Theorem (3. 2) [13]: Assume 0: L 2 -L 2 is
S<2. N T T IINZII (3.3) a linear operator, with G(j) E L. which maps

V xfLZe, VTE" xEL 2 into the element in L 2 , and * L 2 -L 2 is

Under these conditions i a monotone non-decreasing non-linear operator.
Let G(jw) be given by th* Fourier-Stieljes

+ a > 0 (3.4) integral

then the feedback system is finite gain O(Jo) a 1 - e'Jr dV(r) (3.4)
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where V(T) is any monotone non-decreasing a) (i) el
function of total variation less than or equal to e1 e1 e2 y 2 .y 2ELZ2
unity. Then Gcp is a positive operator on L (H) There exists constants P and d

U such that
IV. Main Results 110111, NO' "a?' 11711" lY 21" 11 z21

Substitution of the model given by equation
(2. 1) for the hysteresis non-linearity N gives the :S 01 IlUl +01, I lz11 +0z 11u711
feedback system of Fig. (2). Note that although
the standard magnetic hysteresis non-linearity, i.e.. finite gain L 2 -stabuity.
as shown in Fig. (Ib), is the plot of flux linkage b) el, e2 .yl.y2 EL. are continuous, and go to
(W(t)) vs. current (i(t)) of an inductor (trans-
former), but from circuit analysis point of view. zero as t .
the input and output of the model replaced for N U
as shown in Fig. (2) are current through a d Proof: By taking the truncated inner-
voltage across the inductor (transformer). products of each branch of the feedback system

and utilizing Theorem (3. 2). positivity and
The class of positive real multipliers is consequently passivity of each branch is proven.

defined next. Then using Theorem (3. 1), stability of the

Definition (4. ): 74 is the class of multipliers system is deduced.
M(s) of the form: For detail of the proof. see Appendix.

o(+z() + S+ o)  Upper and lower bounds of non-linearitiess = s 0Pi g and f can be taken into consideration to
obtain less conservative classes of linear

where: Jo=0or o; zol0* ; oi>0, Vi. i>l; element H(s). As an example, an upper bound

Vi; < Min [ pi). of g is exploited in the following Corollary:
I M Corollary (4. 1): Consider the feedback

m is similar to the class of multipliers system of Fig. (Z). where gEsector (o.k).
studied in [Z) and [3 in stability analysis of d*
standard Popov type feedback systems withdx 5k. h(t)EL (R) , h(t)E.4. Assume that for
monotone non-decreasing non-linearity. It is any uI , EL.. there exists solutions el, e.,
shown that (2], M(s) can also be represented in EL 2  thr so utions 6 >0a
the form A yl.Y2 EL 2 e f for some constant 6>0 and

S(s+X i) ME 7r

M(s) = iml e{M(jw) [H(jw) + 6 5>'0. %Fi > 0 (4. 2)

i=l than V uI , U . 42' L. conclusions of Theorem

where: I=kork+l; 0< X I < X2 < 12 <  (4.1) hold.

The above representation implies that M(s) Proof: See Appendix.
consists of a combination of real valued poles K
and zeroes in the left half plane, where the first V. Conclusion
singularity is a zero, and the poles and zeroes
alternate. A class of positive real multipliers is

Next. the main stability result is presented, obtained to establish frequency domain condi-
tions for stability of feedback systems

Theorem f4.1: Consider the feedback containing magnetic hysteresis non-linearity.
system of Fig. -zjd where h(t): LR To obtain the results, the model of Chua and

h(t).4. Assume that for any u, uELZ , there Stromsmoe [111 for hysteresis is employed
2 and the concepts of positivity and passivity are

are solutions el.e 2 .Y1 , y 2 ELze*. If for some utilized.

constant 6 > 0 and ME4 V. Appendix

Inf Re CM(jw) H(j)) a 6> 0.V w> 0 (4.1) To simplify the proof of Theorem (4. 1) and

then V u1 a.uL. UC LCorollary (4. 1). the following two lemmas will
2 2 .  be proved first.

Lemma (A.1): Lot gEsector (0.m),
ZThe voltage across an Inductor (transformer) dzx > . and MO~. Then the system of
is proportional to the rate of change of the fluxa x ,
linkage. the constant of proportionality being Fig. (A. 1) is passive.
the number of turns.

3h(t) is impulse response of H(s).
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But PTS r a PTX MSi
~t-l~~a< r.

5 T' E(S) T >

Fig. (A. 1)n
Substitution of E*(S) implies that: SZ*(S) = or S

Proof: For all xEL 2 e and T > 0 a n a (pi.z 0 )(-S) i=l

<Z'y>T = <x,gM 1X>T Let +E (S) where i*(S) = E -- Th..1=1I -tPi Te

MIx=x, n f.< 1: iS zT. I Zr >+< *S I
= < M9. gx> T  i=l

< i gl> + < 521. g! > The first inner-product is passive [4],
00 T 0 0 T while the second one is positive, by -heorem

+ < E(S)mi, g >T (A. 1) (3. 2). Thus the passivity of Fig. (A. 2) follows.

whereSx= A (i), g! = g(i), and Z(S) is the

rational part of M(s). The first two inner-
products of equation (A. 1) are passive [4]. u 1 el ;I .

< >~ T < P T r(S) P T 1. P TgP ;>

= < PT~i. Z*(S) * T~~P 
, (SPTgPT > f

= < P T q. r*(S)gPTi >

But PTI E L. thus, E*(S) is a mapping of L 2 -Lz.

Therefore, by Theorem (3. 2) u 2

< PT"', Z*S PT i > > 0

which implies passivity of Fig. (A. 1). Fig. (A. 3)

Lemma 4A.2): Let f(-))E(0,-), df(x) > 0, Proof of Theorem (4. 1): By inclusion of theaI T h tmultiplier M(s), transform the feedback system
and ME,. Then the system of Fig. (A. 2) is of Fig. (2) to the one shown in Fig. (A. 3). For
passive. U the feed forward block:

X ........ < Yl.'I > T 
=  Yl'e >T 

+ < y,,'r >T

By Lemmas (A. 1) and (A. 2). the inner products
on the right-hand side of the above equality are

Fig. (A. 2) passive. Thus, the feed forward block of

Proof- For all xt)E L 2 and T > 0, Fig. (A. 3) is passive.
< For > = a<lX, Mf I xt > T l_. dt. The feedback block of the above system is

<x4y>T = <x,Mf x x> T. where = strictly passive with finite gain if the conditions
Let 1x = t, then EL e since xEL e, set on H(s) and inequality (4. 1) are satisfied.

Since e 
= 

e(t) * uV where m(t) is Inverse

M < S!, M6~ >T LaplaceTransform of M(s), and u 1 , 4 1 EL 2 . thus

~T ii(t) EL 2 . Therefore, by Theorem (3. 1). the

0 o + • S 0 zfi >T feedback system of Fig. (A. 3) is finite gain

+ < SA. E(S)f6 >T (A. 2) LZ-stable, i.e., I' e 2 'yl.y 2 EL 2 and

The first two inner-products of equation (A.Z) 11;l ' 
tie2 . ! I!' 11 211 .A-llSU1 (tll + Q2 1!u2 l!

are passive (4]. But

< S!, £(SO T = < X, E(S)f 'T I>la(t)Ii z 11 m(t) * u1 (t)ll

a< .T' PT:(S) f I PT. >

S 1 hn The last inequality is obtained by substitutionLet 
2 T • ~ z, then = P~ L 2  of r(t) and simplification of the norm. Thus:

< Srr TPTE(S) f-1. "  . 11 ell, Ilyll. IIf2II:E Pltlu"ll 4111, 02 uZ"•<PTs R , (S) f XrT:
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From Fig. (A. 3). y 2
= m-l(t) *Y2 .m l(t)E L1  (6] Yakubovich. V.A.. "The Method of Matrix

and 2 EL 2 implies that yz(t), jr2 (t)EL 2 (12. Inequalities in the Theory of Stability of
Non-linear Controled Systems III - AbsoluteAppendix C]. Furthermore, 1yIL - I m'l(t)* Stability of Systems with Hysteresis Non-L 2 App. C]. linearities." Automat. i Telemeh.. Vol. 26,

m'2(t)ELE implmes L I 1 .2 (12. App. C]. No. 5, p.75 3. May 1965.

m'A(t)E L 1 implies that Is" (t)WsL I= C, a constant. [7] Hsu, J..C. and Meyer. A.U., Modern
Thus 1 Control Principles and Applications,

Ityz(t)OL < C'(211L 8] Kodama. S. and Shirakawa, H.. "Stability
2 -of Non-linear Feedback Systems with

C llUl1+CP!u 4j1+CP2Ilu2' Backlash. " IEEE Trans. on Auto. Control.
I I I Vol.AC-13. No.4, p. 394. Aug. 1968.

On the other hand. j 2
= mn l(t) *f. Similar (9] Maeda. H.. Ikeda, M.. and Kodama. S..

upper bounds for !1i,1 are immediate, since "Stability Criterion for a Feedback System

ml(t)E Lwith Backlash - An Extension of Frequency
L" Domain Conditions by the Multiplier

Similarly. --=m (t)*e 1 . Thus. similar Method." IEEETrans. Auto. Control.

conclusions as y2 for •1 follow immediately. VoLAC-15. No.6. p.703. Dec. 1970.
(10] - . "Extended Stability Conditions for a

b) y 2 '.' 2 EL 2 and e,. i 1 EL 2 imply that Feedback System with Backlash. " Int. J. of

y. eEL. are continuous. and go to zero at Control. Vol. 13. No. 5. p. 881. 1971.

(13]. Since the model, i.e.. equation (2. 1), is [11] Chu&. L.O.. and Stromsmoe. K.A..
a continuou mapping from input to output [I. I],"Lumped-Circuit Models for Non-linearcof Industors Exhibiting Hysteresis Loop.'therefore, eEL., and el(t)- 0 as t- . imply IEEE Trans. on Circuit Theory, Vol. CT-17.

that the same properties hold for yl(t). i.e.. p. 564. Nov. 1970.
YI(t)ELa, is continuous, and go to zero as t--. [12] Desoer, C.A. and Vidyasagar, M., Feed-

back Systems: Input-Output Properties.
Similar conclusions for a2 are immediate. Academic Press. New York. 1975.

[13] Willerns. J.C., The Analysis of Feedback
Proof Outline of Corollary (4. 1): Apply a Syst . Cambridge, Mass.. /MIT Press.

positive feedback of gain . around g. To 1971.
k

compensate for it. apply a positive feed- [14] Safonov, M.G., "Propagation of Conic
forward with gain - to H(s). Let = (g-1- 1)- Model Uncertainty in Hierarchical Systems."

k 7) IEEE Trans. Auto. Control. Vol.AC-28.
Then E sector (0. -). is monotone increasing. p. 701. June 1983.
and j(0) = 0. Follow the same procedure as (15] Zeres, G., "On the Input-Output Stability

immediate. of Time Varying Non-linear Feedback
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